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The Thermodynamic Approach to Fluidized 
Drying and Moistening Optimization 

For drying and moistening processes in batch fluidization and fluidiza- 
tion in a horizontal exchanger, the overall mathematical model describing 
simultaneous heat and mass exchange is given. On this basis, the problem 
of finding the optimal temperatures of inlet gas is formulated and investi- 
gated for the case when inlet gas humidity is constant. It is explained that 
when unit economical values of gas and solid phases are linear with regard 
to unit available energies (exergies), the economical problem of minimum 
costs is equivalent to the thermodynamical problem of minimum available 
energy (exergy) dissipation. Therefore, the performance index expression in 
exergy terms is formulated as a functional of the Bolza form. The dynamic 
programming method is used to obtain results of optimal trajectories and 
decisions. The dependence of optimal process time on apparatus price, 
which is characterized here by a Lagrangian multiplier A, is pointed out. 

The results indicate that the constant gas inlet temperature policy com- 
monly applied to the processes considered here prevents attainment of the 
process optimum. In fact, increasing inlet temperature until an admissible 
gas temperature is attained is the optimal policy. 

STAN IS  LAW S I EN I UTY CZ 
Institute o f  Chemical Engineering 

Warsaw Technical University 
Koszykowa 75, Warsaw, Poland 

SCOPE 
To the class of important processes between gases and 

granular solids, where the use of variational methods is 
required for optimization, belong the process of batch 
fluidization and steady state fluidization process in the 
horizontal exchanger (Figure 1). In the first process, the 
solid state changes as a function of time; in the second, it 
changes as a function of distance when ideal mixing in 
the first apparatus and ideal mixing in vertical cross-section 
of the second apparatus is assumed. In an isobaric and 
adiabatic process, the thermodynamic state of the solid is 
described by enthalpy I, and moisture content W,, the gas 
by enthalpy i, and humidity X,. 

In this article the optimal transition of solid phase from 
one thermodynamic state Iso,ws, to another I s k , W s k  is con- 
sidered for the drying or moistening processes shown on 
Figure 1. This transition occurs during an isobaric and 
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adiabatic process due to simultaneous energy and mass 
exchange between gas and solid. The total time of such 
transition is finite. 

The usual way of conducting the processes considered 
is with a constant inlet gas state, In such a case the inlet 
gas enthalpy i,g and absolute humidity X, do not change 
with solid residence time in either of the processes. It is 
known that driving forces of such processes are large at 
the beginning and small at the end of the process and that 
this fact makes the process uneconomical, that is, causes 
large production costs. Therefore, it should be expected 
that variable inlet gas states should make the processes 
considered more economical. The finding of a technique 
which minimizes production costs is a task of optimization. 

It will be shown that in both of the processes considered, 
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the heat and mass exchange are described by the same 
mathematical model. Therefore, it is useful to consider the 
optimization problem for both processes simultaneously. 
The solid enthalpy Is and solid moisture content W, are 
state variables in the original formulation of optimization 
problem. The inlet gas enthalpy i, and the inlet gas humid- 
ity X ,  are decision variables in the most general case. In 
this paper, the optimization is considered just for the case 
where the enthalpy (or temperature) of the inlet gas is 
the only decision variable with the required gas humidity 
X, constant and equal to Xgo.  This case is very common 
because attaining the necessary change of the gas humidi- 
ties in time is quite cumbersome. The problem of the 
optimization of the fluidization process for the case where 
temperature and humidity of the inlet gas are changing is 
mathematically more difficult and will be the theme of a 
separate publication. 

The sets of equations describing the energy and mass 
exchange in the batch process as well as the process in a 
horizontal fluidized exchanger are derived for the general 
case when the Lewis number differs from one, and the 
outlet gas is not in equilibrium with the solid (finite value 
of mass transfer units number N,) .  After that, the solution 

of the optimization problem in the case of equilibrium be- 
tween outlet gas and solid (N, += a) is discussed. This 
case occurs commonly in real fluidizing apparata where 
the height of the bed is of order 0.5 m, due to the very 
large specific surface of the solid and consequent very 
small height of the transfer units HTU. 

In view of the uncertainty of gas and solid unit values 
as a function of their thermodynamic states, attention is 
directed toward providing an optimization solution which 
is independent of price fluctuations, the location of the 
process, and the date of process performance. In order to 
accomplish this, the unit economic values of solid and gas 
are assumed as linear with regard to the unit available 
energies (exergies). 

As it is briefly explained in this paper and as it is known 
from the work by Evans and Tribus (1965), the available 
energy (not total energy) is a thermodynamic measure of 
substance value. Therefore, the unit economical values are 
assumed as linear with regard to the unit available ener- 
gies (exergies). This leads finally to the expression of a 
process performance index in exergy terms. The investiga- 
tion of exergy performance indexes is a task of thermody- 
namic optimization. 

CONCLUSIONS AND SIGNIFICANCE 
In the case when the unit economical values of gas and 

solid are linear with regard to the respective unit available 
energies (exergies), the thermodynamic optimization gives 
the same results as conventional minimization of produc- 
tion costs. If the assumption about linearity cannot 
be made,' then the results of economic and thermody- 
namic optimization differ. However, in order to obtain 
the optimal results in this case, it suffices to replace unit 
exergies in the expression for performance index by any 
other unit measures of substance value which are more 
appropriate for the specific investigation considered, for 
example, unit economic prices. I t  should be pointed out 
that such replacement does not change the computational 
procedure. 

In the case when optimization based on unit exergies 
and optimization based on unit economic prices are not 
equivalent, the results of the economical optimization are 
more useful in the specific current applications. However, 
the thermodynamic optimization gives more universal re- 
sults whose relevance is independent of economic data un- 
certainties, date of process performance, place, current 
economical policy, and any nonphysical influences on the 
process. Therefore, results obtained by thermodynamic 
approach have more future importance. Since they provide 
the solution which is independent of time and place we 
obtain the standard of the comparison of the real process 
which is equally valuable in current and future investiga- 
tions. For this reason, further development of thermody- 
namic ideas should be expected in optimization. 

In the pure thermodynamic analysis, the constraint on 
the total process time is most often neglected (Bosniakovic, 
1960). Such an analysis only leads to the trivial conclusion 
that the optimal process is a quasistatic one. Since a quasi- 
static process has a rate approaching zero, the practical 
value of this conclusion is very low. 

Because the mathematical model of thermodynamic 

"This can occur, for example, in the case when a large exergy den- 
sity is especially demanded. This density represents then an additional 
parameter influencing the unit economic value of a substance. (Szargut 
and Petela, 1965). 
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optimization pertains to processes having a definite dura- 
tion, a much more general family of optimal processes is 
obtained in the considered approach. This family is com- 
prised of real, irreversible processes. The present analysis 
is the first such approach in the engineering literature that 
examines systematically the relation between optimal proc- 
ess intensity, optimal time, and apparatus price (repre- 
sented here as the Lagrangian multiplier A). 

On the basis of the results of this work, we can draw 
the conclusion that the reversible processes will be optimal 
only in the case when the apparatus price approaches zero 
(A = 0).  The optimal process time then approaches infinity. 
In general, when the apparatus price is greater than zero 
( h  > 0), only irreversible processes will be optimal. The 
optimal irreversible processes are carried out with the finite 
driving forces ig - is and X, -Xs which increase with the 
numerical value of the parameter A. When a very expen- 
sive apparatus is required, then the optimal processes must 
be carried out at a high intensity in order to assure short 
process time. The above results help to avoid basic mis- 
takes in process design and apparata design. 

The specific results of thermodynamic optimization are 
presented here for the drying process in batch fluidization 
and fluidization in a horizontal exchanger. They indicate 
that optimal gas temperature policy corresponds with an 
inlet gas temperature that increases with time until a con- 
stant admissible gas temperature is attained. This means 
that the usual method of conducting the processes consid- 
ered here, based on the technique of the constant inlet gas 
state, prevents the attainment of the optimum of the proc- 
ess. Therefore, an increasing temperature policy should be 
recommended in the considered fluidized drying opera- 
tions. The design of fluidization processes with the variable 
inlet gas conditions should be made with the help of the 
results of optimization (see example). The practical attain- 
ment of a variable gas temperature policy is especially 
simple in the case of batch fluidization. The time-controlled 
heating of gas supplied to the fluidized apparatus is suffi- 
cient for the realization of the optimal policy. Such a pol- 
icy makes the cost of production of order 40 + 20?%* less 
than costs found in the case of the constant temperature. 
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THE PROCESS EQUATIONS 

The conservation and kinetic equations for the batch 
fluidization (Figure 1, scheme A )  are formulated with the 
assumption that gas state changes in the apparatus are neg- 
lected. This assumption is allowed because of the small 
void fraction in the bed. Also, the common assumption 
about ideal mixing of gas and solid phases is accepted. 
Taking into account the above assumptions, one can de- 
scribe the batch fluidization process by a set of ordinary 
differential equations which describe the changes of solid 
enthalpy I ,  and solid moisture content W, in time. At first, 
the balance equations are obtained. These are as follows: 

So 5 = G(i, - i w )  energy balance equation (1) 
d., 

d W s  
d., 

So - = G ( X ,  - X , )  mass balance equation ( 2 )  

The left-hand side of the above equations describes 
energy and mass accumulation in the bed per unit time, 
respectively. The right-hand side of the equations de- 
scribes a difference between the streams of the inlet and 
outlet energy and mass, respectively. According to the 
laws of conservation, the resulting streams are equal to 
the accumulation of energy and mass in the bed per unit 
time. 

On the other hand, the changes of solid enthalpy and 
solid moisture content in the unit time should be obtained 
from the kinetic considerations. Because ideal mixing oc- 
curs, the overall driving forces can operate with differences 
between outlet gas potentials and potentials of gas in equi- 
librium with solid. Using the mass transfer driving force 
expressed as the difference between outlet gas stream hu- 
midity X ,  and humidity of gas at equilibrium with solid 
X,,  one can write the kinetic equations in the form 

.___ energy exchange equation 

t iw,xw 

V t d V .  G t d G  

Fig. 1 .  Scheme of the batch fluidization (A) 
and fluidization in the horizontal exchanger 

(B). 

(4 )  

mass exchange equation 

The right-hand side of the energy transfer equation, Equa- 
tion ( 3 ) ,  consists of two terms. The first describes the 
stream of sensible heat, the second, the energy transferred 
with the mass of moisture. 

Since the enthalpies and concentrations of both phases 
are used in the process description, the right-hand side of 
Equation ( 3 )  should be expressed as a function of gas 
enthalpy and gas humidity. For this purpose we can use 
the following approximate equation: 

- 
iw - is = Cg(t ,  - t s )  + i p ( X w  - X , )  ( 5 )  

in Equation (3 ) .  Transforming the set obtained to dimen- 
sionless form yields 

- dZS - - zg . - 2, . 
dr 

dWS - = X g  - X ,  mass balance equation (7)  
dr 

energy balance equation (6)  

- = - { ( i , - & )  dls Ng + i p ( L e -  l ) ( X , - X s ) }  
dr Le 

energy transfer equation (8) 

-- - N g ( X ,  - X , )  mass transfer equation (9) d W S  

dr 

We ask the reader to prove that above dimensionless 
set of equations is also valid for the fluidization in a hori- 
zontal exchanger (Figure 1, scheme B) if time r is appro- 
priately defined (see Notation) and if perfect mixing in 
vertical plane is assumed. 

It is reasonable to point out that the set of Equations 
(6)  through (9) does not represent the state equations 
which are usually found in optimization because these 
equations contain not only the state variables I, ,  W, and 
decisions i,, X ,  but also additional variables &,,, X,,, which 
describe the outlet gas state. Thus, it is necessary to elim- 
inate variables i,, X ,  from Equations ( 6 )  through (9) in 
order to break down the discussed set into the typical state 
equations form. Equating the right-hand sides of Equa- 
tions (6) and (8) and also (7) and (9), and determining 
from the resulting equations the enthalpy i, and the hu- 
midity X ,  gives 

NO& i, = ( i, + - 
Le 

X, = ( X g  + N g X a ) / ( N g  + 1 )  ( 1 1 )  

Substituting Equation (10) into Equation (6) and Equa- 
tion ( 1 1 )  into Equation (7) yields 

dl ,  
dr Le 
- = 3, ( ig - q z , ,  W,] 
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The above set of equations represents the equations of 
state according to teiminology used in optimization. These 
equations have on their right-hand sides only the decision 
variables ( ig,  X,)  , thermodynamic functions of state vari- 
ables is [ I , ,  Ws], X ,  [Is, W,], and constant process param- 
eters Le, No.  

THE PROCESS PERFORMANCE INDEX 

In order to formulate the expression for the performance 
index we will start with the economic considerations. Be- 
cause the process is carried out in a definite apparatus 
(constant investment cost), it is reasonable to accept the 
cost of production as an optimization criterion. The pro- 
duction cost of the batch fluidization process is equal to 
the difference between the total input value of substances 
delivered to the system and the total output value of sub- 
stances leaving it increased by the difference between the 
value of the substances in the system before and after the 
process. 

For the fluidization in the horizontal exchanger a cor- 
responding criterion involves the difference between the 
streams of value of all substances delivered to the system 
and leaving it. The performance index accepted as a pro- 
duction cost related to the mass unit of dry solid can be 
written in the common form as 

K e P  = s,'" (c, - c,)& + C,, - Csk (14) 

In order to accomplish the optimization procedure, the 
relationships between the unit values and the correspond- 
ing thermodynamic parameters of each phase should be 
known. In view of the uncertainty of gas and solid unit 
economic values as functions of their thermodynamic 
states occurring due to local fluctuation and fluctuations 
in time of these values, attention is directed toward pro- 
viding that solution of our optimization problem which is 
independent of these fluctuations. I t  is known from ther- 
modynamic and economic considerations that unit values 
of chemical substances are often accepted as proportional 
to unit available energies (Szargut and Petela, 1965). Such 
an assumption results from available energy properties, 
and it is admissible when the state of any merchandise 
product can be sufficiently described with only a set of 
thermodynamic parameters. It is easy to see this is so in 
the case here considered. 

THE BASIC PROPERTIES OF AVAILABLE ENERGY 
(EXERGY) FUNCTION 

respectively, by formulas 
The unit gas and solid available energies are described, 

bg = i, - iMo - T"(sg - sg0) - ~ ~ " ( p g  - P o )  

- r " ( X ,  - X g O )  (15) 

- P0(WS - W S " )  (16) 

B,  1 I ,  - Iso - T0(S, - Sso) - V,"(P, - P o )  

The available energy function is also termed exergy. 
This term is used mainly in European literature, but it 
sometimes also appears in American papers, (see, for ex- 
ample, Evans and Tribus, 1965). Available energy (ex- 
ergy) is defined as the maximum work connected with re- 
versible transition of a substance from its thermodynamic 
state to the state of equilibrium with the environment. 
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During this process heat and mass can be exchanged be- 
tween a substance and the environment. The presence of 
environmental parameters in the exergy definition makes 
exergy a quantity which is introduced on an economic 
basis. As a consequence of its definition and the second 
law of thermodynamics, exergy is a semipositive quantity. 
It equals zero in the state of thermodynamic equilibrium 
between a substance and the environment, and it is always 
positive outside of this equilibrium. Thus, exergy has prop- 
erties of price and plays the role of a thermodynamic mea- 
sure of substance value. 

Exergy provides a natural and convenient means of e s  
tablishing a scale of economic values of chemical sub- 
stances. Since the state of these substances is most often 
described by thermodynamic parameters only, the eco- 
nomic value of any chemical substance being a state 
function must be related to some thermodynamic function. 
In the past years, the unit economic values of heating 
mediums (for example, values of heating steam) were 
established on the basis of enthalpy. However, that pro- 
cedure very often gave invalid results, especially when 
economic values of very cold mediums were considered. 
The enthalpy of any substance at low temperatures has a 
low value. This contradicted the fact that economical 
values of very cold mediums are high. The exergy ap- 
proach allows us to avoid this difficulty since the exergy 
of any cold medium has a high positive value. I t  turns out 
that the exergy approach can satisfactorily explain all 
weaknesses of the enthalpy approach. For more detailed 
discussion of this subject, the reader is referred to the book 
by Szargut and Petela (1965) on exergy. Several inter- 
esting remarks can also be found in the paper of Evans and 
Tribus ( 1965). 

THE PERFORMANCE INDEX AS EXPRESSED IN 
EXERGY TERMS 

The establishment of the economic values scale on the 
basis of exergy leads to the assumption that the unit 
economical values of gas and solid are linear with regard 
to the respective unit exergies. The slope coefficient 
relating the unit values with the unit exergies is here 
designated as equal to 1. Then we have the relations: 

cg = 2bg (17) 

c, = ZB, + c,o (18) 
The proportionality coefficient is interpreted as an eco- 
nomic value of unit exergy. I t  is also termed less rigorously 
a unit exergy cost. Since exergy is a common measure of 
various types of energy, the coefficient 1 was assumed 
the same for both gas and solid. C,O is economic value of 
solid in equilibrium with environment. 

With the help of the relations, Equations (17) and 
(18), an expression for a thermodynamic form of the 
performance index can be obtained. Substituting Equa- 
tions (17) and (18) into Equation (11) yields 

= KP = f (b,  - b,)& + B,, - B s k  (19) 

The quantity K e P A  is designated as K p ,  and it is termed 
as the process cost of production expressed in exergy 
terms or simply as the exergy cost of production. It is 
important to notice that the same expression can be ob- 
tained from the exergy balance as the total amount of 
exergy dissipated in the system taken with the minus sign 
and related to the mass unit of dry solid. Thus, exergy 
balance is an alternate method of obtaining the exergy 
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performance index. The following important fact can be 
proven: Equations (18) and (19) give the same family of 
optimal trajectories and decisions even when coefficient 2 
is different value for both phases. 

The working form of the performance index expression 
should contain as its variables only the decision variables 
(ig, Xg), the state variables ( I s ,  W,), and the constant 
parameters (Le, N g ) ,  or any known function of the above 
quantities. Therefore, all unit exergies in Equation (19) 
should be expressed as a function of the above variables. 
Substituting for this purpose Equations (10) and (11) 
into Equation (19),  we obtain a common equation for 
both processes describing the performance index: 

Le + N ,  

SOME SIMPLIFICATIONS AND TRANSFORMATIONS 
OF THE PROCESS EQUATIONS 

In accordance with the purpose of this article we will 
pay more attention to the very common case of an equi- 
librium fluidization ( N ,  + w ) with the constant inlet gas 
humidity X g o .  The respective equations are as follows: 

dIs - = ig - iS[ZS, W,] 
dr 

dBs (24) 
dKP - = b g [ i g ,  Xgo] - b, [Is ,  Wsl - - 
dr dT 

)dT -k Bs[Iso,  WSO] - Bs[Isk, wskl (20) 
Lei ,  + Ngis[Zs, W,] - Ngip(Le - 1) ( X ,  - X s [ I s ,  W,]) ( N ,  + 1)- l  

Equation (20) describing the performance index as well 
as the state Equations (12) and (13),  contain several im- 
plicit relationships. It should be pointed out that any im- 
plicit relationships in Equations (12),  (13),  and (20) 
(that is, functions is[Zs, Ws], X s [ I s ,  W,], b,[i,, Xgl, 
Bs[Zs, W,]) are of a definite type: they are purely ther- 
modynamic ones. Therefore, there is no difficulty in com- 
puting these functions when results of adsorption equilib- 
rium are given. Since obtaining these functions is a purely 
thermodynamic task, we will not discuss this problem here; 
rather, the reader is referred to the Sieniutycz's work 
(1968, 1973) for details. 

The present form of Equations ( 12), ( 13), and (20) is 
general in the sense that for this form it makes no differ- 
ence which substances are used. In an optimization pro- 
gram, all of the discussed thermodynamic functions should 
be specified in analytic or tabular form. 

EQUIVALENCE WITH M I N I M U M  REVERSlBlLlTY 

Substituting Equation (15) and (16) into Equation 
( 19), assuming isobaric process and applying the balance 
Equations (6)  and (7) into the equation obtained yields 

The expression in the large parentheses represents total 
process irreversibility with the minus sign (total entropy 
production) as related to the unit mass of solid. Because 
the exergy cost K p  describes total exergy dissipation, the 
general form of the above equation is: 

Total Exergy Dissipation = 
- To (Total Entropy Production) (2la) 

since the sign of the exergy dissipated is negative. The 
relationship between exergy dissipation and entropy pro- 
duction holds for every thermodynamic system. It  is known 
as a Gouya-Stodola Law (Szargut and Petela, 1965). If 
the economic and exergy optimization gives the same re- 
sults, then these results correspond with the minimum of 
the total entropy production (that is, minimum irreversi- 
bility). This fact justifies the use of the reversibility anal- 
ysis for economic purposes which is very often done in 
literature (Bosniakowic, 1960). It should be noticed that 
the appropriateness of such an analysis can be proven ex- 
clusively on the basis of exergy (not entropy). This is so 
since only exergy (not entropy) can be related to the 
economic value of a substance. 

J 

Equation (24) was obtained by differentiating the integral 
describing the exergy costs, Equation (20),  with respect 
to the variable upper limit of integration. 

In order to exploit the fact that the process is autono- 
mous it is advisable to transform Equations (22) through 
(24) into such a form in which time T is a dependent 
variable. As a result, we will obtain an equivalent set of 
process equations which will not contain the dependent 
variable T explicitly on the right-hand side. This dependent 
variable will allow the use of the Lagrangian multiplier to 
reduce the problem dimensionality. In order to obtain the 
set of equations having time as a dependent variable, we 
use the solid moisture content W, as an independent vari- 
able. As a result, the set of Equations (22) through (24) 
takes the form 

(25) 
dIs - 
dw, x g o  - XS[L Wsl 

ig - &[Is ,  WsI -- 

(27) 

In the above formulation the state variables are solid en- 
thalpy I ,  and time 7; the decision is gas enthalpy i, ( X g o  = 
const). The process parameters ( N , ,  Le)  do not appear 
in the case of the equilibrium model. 

dKp b g [ i g ,  Xgol - bs[Is ,  Wsl dBs 
d W S  x g o  - X S [ Z S .  Wsl d W S  

-- - -- 

THE CONTINUOUS FORM OF THE ORIGINAL* 
OPTIMIZATION PROBLEM 

It is purposeful now to turn our attention to the formu- 
lation of our original optimization problem in the continu- 
ous version. We are investigating the minimum of the 
functional [obtained from Equation (27)] 

w.w (b,[i,, Xgol - b s [ L  W,l)dWs 
x g o  - xsrzs, Wsl 

KPCi91 =s,.. 
+ Bs[Iso,  wso] - Bs[Isk, w s k ]  (28) 

with the differential equations, Equations (25) and (26), 
and the additional conditions on temperature and con- 
centration of the gas and material. The moisture content 

* W e  will distinguish the original problem (without the Lagrangian 
multiplier) from the transformed problem (when the Lagrangian multi- 
plier is introduced). 
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Ws is always specified at the initial and final stages of the 
process, whereas the enthalpy Is and the overall time T 

variational problem has the Bolza form. 

rive a basic recurrence equation for the transformed prob- 
lem. Designating 

may be prescribed or arbitrary. We recognize that this - 
min Kc[igl . . . ign] = FnCIIsn] 

THE LAGRANGIAN MULTIPLIER AND THE 
TRANSFORMED PROBLEM 

and taking advantage of the restrictive Equation (31) for 
the purpose of expressing the inlet gas enthalpy i,, as a 
function of the material enthalpv before and after the 

L, 

Since thermodynamic relations in Equations (25) stage (Isn-1 and Is,, respectively), the following recur- 
through (26) (that is, functions is[Zs, W,], Xs[Is, W,] 
bs[Zs, Ws]) are usually too complex in their analytical 
form, it is most appropriate to use dynamic programming 

~ n c e  equation is obtained: - 
FnC[Zsn] = 

~~~ 

as the method of optimization. Because of two restrictive 
equations, Equations (25) and (26),  the dynamic pro- 
gramming recurrence equation is two-dimensional in the 
original version of our optimization problem. In order to 
simplify the computational procedure, the possibility of 
dimensionality reduction should be explored. Since the 
dependent variable T is not explicitly present on the right- 
hand sides of Equations (25) through (27),  there exists a 
possibility to use the Lagrangian multiplier and then 
transform the original problem to one with a single restric- 
tive equation. This procedure leads to the problem of de- 
termining the functional extremum: 

+ Bs[I so ,  wso] - BsCZskt wsk] (29) 
with the differential restriction from Equation (25), ap- 
propriate initial and final conditions, as well as any addi- 
tional restrictions imposed on the state and decision vari- 
ables. It should be pointed out that final time in the trans- 
formed problem cannot be preassigned. 

THE DISCRETE VERSION OF THE TRANSFORMED 
PROBLEM 

In order to make use of computer facilities, Equation 
(25) and the performance index, Equation (29) should 
be written in the approximate difference form. The process 
index is 

KC[igl . . . ign] 

= $  (bgCign, XgoI - bsClsn, Wso - U I  + A)A 

+ BsCZsn-1, Wso - (n - 1 ) A I  - BsL1.m Wso - nAI 

1 Xs[Zsn, Wso - nA] - Xgo 

(30) 
Then, we should find the extremum of the functional, 
Equation (30), with the difference restriction 

and also the appropriate initial and final conditions as well 
as the additional restraints on the state and decision vari- 
ables. (See following section.) 

THE DYNAMIC PROGRAMMING ALGORITHM 

With the help of Equations (30) and (31), and Bell- 
man's (1957) Principle of Optimality, it is possible to de- 
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The above equation was solved for the constant inlet solid 
state Zso = -1 kcal/kg, Wso = 0.1 kg/kg (tso = 22.6"C). 
The constant inlet gas humidity was accepted as that 
found in atmospheric air, Xgo = 0.008 kg/kg. It was as- 
sumed that the maximum admissible inlet gas temperature 
t,,,, is equal to 374°C. 

The restriction on the solid parameters was assumed to 
have the form 

XsCIsn, Wsnl Xgo (33) 
This inequality establishes the boundary of solid state 
changes, since in the case of the drying process, the re- 
currence equation, Equation (32) must be solved within 
the boundary of the variables ( I s ,  W,) where the evapora- 
tion direction is from solid to gas. This boundary should 
be known from drying equilibrium data. These data as well 
as thermodynamic functions of gas and solid were known 
from the work of Sieniutycz (1968, 1973). Since silicagel 
is a popular industrial adsorbent, the silicagel-water-air 
system was studied in the computations. 

After minimization of the right-hand side of the recur- 
rence Equation (32) and storage of optimal thermody- 
namic parameters of gas and solid before and after every 
state, the results of the optimal process time are com- 
puted. This is accomplished by means of the formula: 

which represents a difference form of Equation (26).  The 
final process time, Equation (34) for n = k, depends 
upon the assumed value of the parameter h as well as 
upon the state of the process (I&, w & ) .  Iterating com- 
putations for the same boundaries of the state variables 
(I& wsk) and changing only the values of the parameter 

h, one can obtain tables describing the relationship be- 

tween the multiplier A and the optimal process time Tk. 
The example of this relationship is given in Table 1. The 
results pertain to the initial solid state I, ,  = -1 kcal/kg, 
Wso = 0.1 kg/kg (tso = 22.6"C) and the final solid state 
Zsk = 5 kcal/kg, Wsk = 0.06 kg/kg (tsk = 40°C). 
Using Table 1 we can find a numerical value of A which 
solves the problem of an optimal transition of a solid from 
the constant initial state (Iso = -1 kcal/kg, Wso = 0.1 
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kg/kg) to the specified final state ( I s k  = 5 kcal/kg, w k s  

= 0.06 kg/kg) in a previously specified time Tk .  In order 
to obtain the optimal trajectories and decisions, we must 
once again perform the appropriate computations for that 
particular value of A. This operation ends the computa- 
tional procedure. 

A complete flow diagram* of the program used in the 
computations of the optimal decisions and trajectories is 
described in the Sieniutycz's (1973) work, as well as a 
sample of the computational problem. 

RESULTS OF THE COMPUTATIONS 
I 

The following values: the optimal costs KnCIIsn], the 
optimal solid enthalpy Zsn-l, the optimal gas enthalpy i,, 
(or optimal gas temperature tgn)  and optimal time T ~ ,  are 
found as a result of our computations. The basic curves 
characterizing the optimal process are shown in Figure 2. 
Data on this graph pertains to the conditions pointed out 
in the preceding section. The trajectories, which are com- 
puted by the dynamic programming method, are desig- 
nated with broken lines on the enthalpy-composition graph 
for silicagel. Also shown are the curves for the optimal 

costs, F c = const, and the optimal inlet gas temperatures, 
tg = const. One can notice that no specific curve exists for 
the maximum temperature tgmax, but boundaries do exist 
for the solid-state variables (Is, W,). Inside of these 
boundaries the state change is connected with the constant 
gas temperature policy. 

The graph of the optimal inlet gas temperature as a 
function of a dimensionless time T is shown on Figure 3. 
Besides the various curves for t g [ T ] ,  the graph on Figure 
3 also contains the curves for constant final solid tem- 
perature t s k  and final solid moisture content W s k .  If on the 

- 

a The flow diagram has been deposited as Document No. 01995 with 
National Auxiliary Publications Service (NAPS), c/o Microfiche Publica- 
tions, 305 E. 47th Street, N.Y., N.Y. 10017 and may be obtained for 
$2.00 for microfiche and $5.00 for photocopies. 

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 

w, [k&] 

Fig. 2. Optimal trajectories, constant decision curves, and constant 
costs value curves on the enthalpy-moisture content diagram (for 
solid phase). The equilibrium problem (N, --* to). Results for sili- 
cagel-water-air system, tso = 22.6"C. Iso = - 1  kcal/kg, Wso = 
0.1 kg/kg, u = 0.2 kcal/kg, A = 0.01 kg/kg, A = 0.1 kcal/kg, 

Xgo = 0.008 kg/kg, tgmax = 374°C. 

TABLE 1. RELATIONSHIP BETWEEN MULTIPLIER A AND 

OPTIMAL PROCESS TIME 

t k  - 4 6 8 10 12 14 16 18 20 
kcal 

5 - 1.9 1.3 0.9 0.6 0.4 0.2 0.12 0.08 0.06 
kg 

discussed graph a point with the coordinates ( t s k ,  W s k )  is 
specified (characterizing the preassigned final material 
state) then the desired optimal control curve t g [ T ] ,  and 
thus the process trajectory, can be found. 

The family of curves describing the function & [ T I  on 
Figure 3, indicates that in order to attain any final state 
of material the optimal gas inlet temperature increases 
monotonically in time until the maximum admissible gas 
temperature tgmax is achieved. After this, the optimal policy 
remains constant in time (the optimal gas temperature t, 
is equal to the maximum temperature t,,,,). When there 
are no restrictions on the gas temperature the difference 
between the temperatures of both phases, that is, the 
process driving force, remains nearly equal in time. 

The common method of conducting the fluidization 
processes is by the use of the constant inlet gas temperature 
policy, The results of optimization show that the optimum 
of costs corresponds in general with the increasing gas 
temperature policy and that the constant inlet gas tem- 
perature policy can be only a final part of the optimal 
policy when an upper limit of the gas temperature is as- 
sumed. The optimal inlet gas temperature policy can be 
simply adjusted in the batch fluidization case when the 
inlet gas stream is heated with the intensity which is vari- 
able in time (variable flow of heating medium or variable 
intensity of electric heating with the use of an autotrans- 
former). In the horizontal exchanger case, the optimal 
policy can be realized only approximately when inlet gas 
is divided into several streams flowing to different sections 
of the apparatus and when each gas stream is heated to 
a definite temperature. 

There are two basic aims behind the optimization of 
any physical process. The optimal results can be used 
either to design a new and better process already taking 
place in a given apparatus, or they can be used in the 
design of new equipment. Because the cost of production 
was used as a performance criterion, the results obtained 
can be quantitatively* used only for the first case. In this 
case, they should be used for the design of the fluidization 
process with variable inlet gas conditions. The optimiza- 
tion solution gives a controlling algorithm for the definite 
process time T k .  The example below should explain the 
procedure of process design. 

EXAMPLE 

The silicagel is dried by heated atmospheric air ( X g o  = 
0.008 kg/kg) in the batch fluidization process. The initial 
state of the solid is tso = 22.6"C, W,, = 0.1 kg/kg ( I s o  = 
-1 kcal/kg). The required final solid state is t& = 40°C, 
W s k  = 0.06 kg/kg ( I &  = 5 kcal/kg). The total process 
time is q k  = 25 min. The superficial gas mass velocity 
during fluidization is G/A = 0.5 kg/m2 s, the amount of 
solid per unit area of apparatus cross section is equal to 

*However, qualitative results obtained here can he applied also for 
the second case. These are pointed out in the last section of this article. 

**In order not to involve additional graphical and tabular data the 
initial data in this example were assumed in a suitable manner. They 
correspond with the data in Figures 2 and 3. This does not have in- 
fluence on the method of solution in our example. 
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TABLE 2. RESULTS OF OPTIMAL QUANTITIES ALONG THE 

PROCESS OPTIMAL TRAJECTORY 

z 
1 2 3 4 5 6  7 ~ 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1  

..- 

Fig. 3. Optimal drying gas temperatures versus the dimensionless 
time T. Lines of constant temperatures t, and moisture contents W ,  

of solid on t ,  - 7 plane. Input data as on Figure 2. 

S,/A = 45 kg/m2. Our task is to find the optimal trajec- 
tory and optimal decisions corresponding with the mini- 
mum costs of production. 

Solution 
The optimization results contain data for process final 

time which allow us to obtain a table A - Tk for t s k  = 
40"C, Wsk = 0.06 kg/kg ( I &  = 5 kcal/kg) (Table 1). 

The dimensionless time of the process is 

The Lagrangian multiplier value corresponding to a 
given solid final state can be obtained from Table 1. For 
T k  = 16.7, we obtain A N 0.1 kcal/kg. This is a particular 
value of A for which the optimal trajectory and optimal 
decisions curves should be found. The optimal results for 
this value of are presented in Figures 2 and 3. Our solu- 
tion corresponds with that trajectory and decision curve 
which has the final state t s k  = 40°C, w s k  = 0.1 kg/kg. 
Since in this case the accuracy of graphical results is poor, 
the tables containing the dynamic programming results 
have been used to obtain more exact results. These results 
are given in Table 2. 

THE LAGRANGIAN MULTIPLIER PROPERTIES AND 
SOME QUALITATIVE RESULTS 

The form of expression for the performance index Kc, 
Equation (29), indicates that the quantity K c  plays the 
role of total process cost, which is the sum of the produc- 
tion and investment costs. Consequently, the Lagrangian 
multiplier can be interpreted as the unit apparatus price 
expressed in the appropriate units. There is a growing 
interest in the investigation of how numerical values of A 
are related to typical fluidized drying apparatus. With 
such information, the optimization solution will give in- 
formation about the optimal process time directly. At the 
present time, however, it is possible to obtain several 
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W, kg/kg 0.10 0.09 0.08 0.07 0.06 
t s  "C 22.6 28.0 32 36 40 
t ,  "C 33.1 45.2 49.5 50.5 55 

tl min 0 5.25 7.5 9.75 25 
e - 0 3.5 5.0 6.5 16.7 

important qualitative conclusions when the apparatus price 
A is considered as a variable parameter. Such consideration 
deals with various optimal processes having the same ini- 
tial and final states which take place in different apparata 
(different values of A ) .  The optimal time of such processes 
increases when h decreases (see Table 1). In the limit 
when A approaches zero (very inexpensive apparatus) the 
optimal time Tk approaches infinity. Corresponding to this 
case there is a limiting numerical value of optimal costs 

K p and K c equal to zero. This value of costs is the result 
of conducting the process in which the substance final 
state ( I&,  W s k )  is attained from the initial state (Iso,  wso) 
without the existence of driving forces between both 
phases (i, = is, X ,  = X, )  . Such a process has a rate ap- 
proaching zero and is known in classical thermodynamics 
as quasistatic. Thus, a quasistatic process can be optimal 
only in the case when the apparatus price approaches zero. 

In the case when the apparatus price is greater than zero 
( A  > 0) ,  the optimal final time has a definite value. The 
driving forces i, - is and X ,  - X ,  are then different from 
zero. In this case, only the irreversible process will be 
optimal. The relation between apparatus price, process 
intensity, and process time has not been sufficiently exam- 
ined so far in engineering literature. 

For very expensive apparatus, only very intensive proc- 
esses can be optimal; they are characterized by a large 
irreversibility index (that is, large entropy production or 
large exergy dissipation). This means that the design of 
expensive apparatus must be associated with the design of 
intensive optimal processes to assure short process time. 
This result should be helpful in avoiding basic mistakes in 
the design of new equipment. 

- - 
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NOTATION 

apparatus cross-sectional area, m2 
solid specific surface, m2/m3 
solid exergy per mass unit of absolute dry sub- 
stance, kcal/kg, kJ/kg 
solid exergy after stage n, kcal/kg, kJ/kg 
initial solid exergy, kcal/kg, kJ/kg 
final solid exergy, kcal/kg, kJ/kg 
inlet gas exergy, kcal/kg, kJ/kg 
exergy of gas in equilibrium with solid, kcal/kg, 

outlet gas exergy, kcal/kg, kJ/kg 
solid economic value per mass unit of dry solid, 

= initial and final solid unit economic values, re- 
spectively, $/kg 
heat capacity of gas per mass unit of dry gas, 
kcal/kg O K ,  kJ/kg OK 

kJ& 

$/kg 
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cg, cw = gas economic value per mass unit of dry gas for 

FnCIIs]  = optimal overall exergy cost as a function of vari- 

G = gas flow rate (see Figure 1, schemes A and B)  , 

HTU, = G/K,’A = height of the mass transfer unit, m 
h 
I,,,, = maximum solid enthalpy corresponding to the 

gas enthalpy ismax or temperature tgmax, kcal/kg, 

= solid enthalpy per unit mass of absolute dry sub- 

= enthalpy of solid from stage n, kcal/kg, kJ/kg 
= enthalpy of solid in equilibrium with environment, 

= low restrictions line enthalpy (Figure 2) ,  kcal/ 

inlet and outlet gas, respectively, $/kg 

variables I,, n, 

kg/h, kg/s 

- 

= height of fluidized layer, m 

kJ& 
I ,  

I , ,  
I,” 

1,d 

stance, kcal/kg, kJ/kg 

kcal/kg, kJ/kg 

kg, kJ/kg 

kcal/kg, kJ/kg 

I s k  

i, 
= final solid enthalpy, kcal/kg, kJ/kg 
= gas enthalpy per unit mass of absolute dry gas, 

also 
i, = inlet gas enthalpy, kcal/kg, kJ/kg 
ip = partial enthalpy of moisture in vapor state (as- 

is = enthalpy of gas in equilibrium with solid, kcal/kg, 

i, = gas outlet enthalpy, kcal/kg, kJ/kg 
igo = enthalpy of gas in equilibrium with environment, 

K p  = cost of production expressed in exergy terms, 

K e P  = cost of production expressed in economic terms, 

Knc[Is ]  = overall optimal exergy cost as a function of 
variables, I,, n and T, kcal/kg, kJ/kg 

K i  = modified overall mass transfer coefficient, kg/m2h 
k = overall number of stages corresponding to the 

Le = K;c,/01 = Lewis factor 
I = economic value of unit exergy, $/kcal 

sumed as constant value), kcal/kg, kJ/kg 

kJ/kg 

kcal/kg, kJ/kg 

kcal/kg, kJ/kg 

$/kg - 

final state 

h 
N g  = - = number of mass transfer units 

HTU, 
n = current stage number 
Po 
P,, P ,  = pressure in solid phase and gas phase, respec- 

S = dry solid flow rate, kg/h 
S, = dry solid mass in batch fluidization process, kg 
S, = solid entropy per unit mass of dry solid, kcal/ 

Sso = entropv of qolid with equilibrium with environ- 

S,,, S,k = initial and final entropy of solid, respectively, 

s, = gas entropy per unit mass of dry gas, kcal/kg O K ,  

xg0 = entropy of solid with equilibrium with environ- 

sw = entropy of outlet gas, kcal/kg O K ,  kJ/kg O K  

To = absolute temperature of environment, OK 

tg = inlet gas temperature, “C 
tgmax = maximum inlet gas temperature, “C 
ts = solid temperature, “C 
tso = initial solid temperature, “C 
V = fluidized layer volume, m3 

= pressure in environment, ata 

tively, ata 

kg O K ,  kJ/kg O K  

ment, kcal/kg O K ,  kJ/kg O K  

kcal/kg O K ,  kT/kg O K  

kJ/kg O K  

ment, kcal/kg O K ,  kJ/kg “K 

V,. = volume of solid in equilibrium with environment 
(per mass unit of dry solid), m3/kg 

og0 = volume of gas in equilibrium with environment 
(per mass unit of dry gas), m3/kg 

W, = absolute moisture content of solid (as mass of 
moisture per mass unit of dry solid), g/kg, kg/kg 

W,, = moisture content of solid from stage n, g/kg, kg/ 

W,a = low restrictions line moisture content of solid 

W,, 
Wsk 
WSo 

X ,  

kg 

(Figure 2) ,  g/kg, kg/kg 
= initial solid moisture content, g/kg, kg/kg 
= final solid moisture content, g/kg, kg/kg 
= moisture content of solid in equilibrium with en- 

= humidity of gas in equilibrium with environment, 
vironment, g/kg, kg/kg 

glkg, kg/kg 
Greek Letters 
01 = overall heat transfer coefficient, kcal/m2 “ C  h, 

A = W,, - Wsn-l solid moisture content increment, g/kg, 

7 = residence time (batch fluidization), min, h 
po = chemical potential of moisture in environment, 

(r = solid enthalpy increment, kcal/kg, kJ/kg 

r =[ time of the 

Tk = dimensionless final time 

Subscripts 
e = economic value 
g = gas, gas inlet 
k = final state 
n = stagen 
o = initial state 
p = vapor 
s = solid 
w = outlet 

Superscripts 
c = overall cost 
o = equilibrium with environment 
p = production cost - = functional optimum 
A = optimal final quantity 

kg/m2 “C h 

W k g  

kcal/kg, kJ/kg 

G/S 
horizontal fluidized exchanger dimensionless 

G d S o  process 
batch fluidization 

= optimal quantity before stage 
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